Abstract. In this paper we study J-tangent affine hyperspheres, where J is the canonical para-complex structure on R 2n+2 . The main purpose of this paper is to give a classification of J-tangent affine hyperspheres of an arbitrary dimension with an involutive distribution D. In particular we classify all such hyperspheres in the 3-dimensional case. Some examples of J-tangent affine hyperspheres are also given.
Introduction
Para-complex and paracontact geometry plays an important role in mathematical physics. On the other hand affine differential geometry and in particular affine hyperspheres have been extensively studied over past decades. Some relations between para-complex and affine differential geometry can be found in [7] , [6] and [3] .
In [5] the author studied J-tangent affine hypersurfaces and gave a local classification of J-tangent affine hyperspheres with an involutive contact distribution.
In this paper we study real affine hyperspheres f : M 2n+1 → R 2n+2 ∼ = C n+1 of the para-complex space C n+1 with a J-tangent transversal vector field C and an induced almost paracontact structure (ϕ, ξ, η). First we show that when C is centro-affine (not necessarily Blaschke) then f can be locally expressed in the form:
(1.1) f (x 1 , . . . , x 2n , z) = Jg(x 1 , . . . , x 2n ) cosh z − g(x 1 , . . . , x 2n ) sinh z, where g is some smooth immersion defined on an open subset of R 2n . Basing on the above result we provide local classification of all J -tangent affine hyperspheres with an involutive distribution D. We also show that there are no improper J-tangent affine hyperspheres. In particular, using results from [3] , we find all 3-dimensional J-tangent affine hyperspheres with the involutive distribution D. We also give an example of a J-tangent affine hypersphere with non-involutive distribution D.
In section 2 we briefly recall the basic formulas of affine differential geometry, we recall the notion of an affine hypersphere and some basic results from para-complex geometry. We also recall the notion of a para-complex affine hypersphere (for details we refer to [3] ).
In section 3 we recall the definitions of an almost paracontact structure introduced for the first time in [10] . We also recall some elementary results for induced almost paracontact structures that will be used later in this paper.
Section 4 contains the main results of this paper. In this section we introduce the notion of a J-tangent affine hypersphere and prove classification results. In particular, we show that J-tangent affine hyperspheres must be proper and there is a strict relation between J-tangent affine hyperspheres with the involutive distribution D and proper para-complex affine hyperspheres. Finally we show that J-tangent affine hyperspheres can be constructed using lower dimensional proper affine hyperspheres. As an application, we classify all 3-dimensional proper J-tangent affine hyperspheres with the involutive distribution D.
Preliminaries
We briefly recall the basic formulas of affine differential geometry. For more details, we refer to [1] .
Let f : M → R n+1 be an orientable connected differentiable n-dimensional hypersurface immersed in the affine space R n+1 equipped with its usual flat connection D. Then for any transversal vector field C we have
where X, Y are vector fields tangent to M. It is known that ∇ is a torsionfree connection, h is a symmetric bilinear form on M, called the second fundamental form, S is a tensor of type (1, 1), called the shape operator, and τ is a 1-form, called the transversal connection form. Recall that the formula (2.1) is known as the formula of Gauss and the formula (2.2) is known as the formula of Weingarten. For a hypersurface immersion f : M → R n+1 a transversal vector field C is said to be equiaffine (resp. locally equiaffine) if τ = 0 (resp. dτ = 0). For an affine hypersurface f : M → R n+1 with the transversal vector field C we consider the following volume element on M:
for all X 1 , . . . , X n ∈ X (M). We call Θ the induced volume element on M. Immersion f : M → R n+1 is said to be a centro-affine hypersurface if the position vector x (from origin o) for each point x ∈ M is transversal to the tangent plane of M at x. In this case S = I and τ = 0. If h is nondegenerate (that is h defines a semi-Riemannian metric on M), we say that the hypersurface or the hypersurface immersion is nondegenerate. In this paper we assume that f is always nondegenerate. We have the following
, Fundamental equations). For an arbitrary transversal vector field C the induced connection ∇, the second fundamental form h, the shape operator S and the 1-form τ satisfy the following equations:
The equations (2.3), (2.4), (2.5), and (2.6) are called the equations of Gauss, Codazzi for h, Codazzi for S and Ricci, respectively.
When f is nondegenerate, there exists a canonical transversal vector field C called the affine normal field (or the Blaschke field ). The affine normal field is uniquely determined up to sign by the following conditions:
(1) the metric volume form ω h of h is ∇-parallel, (2) ω h coincides with the induced volume form Θ.
Recall that ω h is defined by
where {X 1 , . . . , X n } is any positively oriented basis relative to the induced volume form Θ. The affine immersion f with a Blaschke field C is called a Blaschke hypersurface. In this case fundamental equations can be rewritten as follows 
A Blaschke hypersurface is called an affine hypersphere if S = λI, where λ = const . If λ = 0 f is called an improper affine hypersphere, if λ = 0 a hypersurface f is called a proper affine hypersphere. Now, we will recall a notion of para-complex affine hypersurfaces, for details we refer to [3] . More information on para-complex geometry one may found for example in [9] and [8] .
Let g : M 2n → R 2n+2 be an immersion and let J be the standard paracomplex structure on R 2n+2 . That is
We always identify (R 2n+2 , J) with C n+1 .
Assume now that g * (T M) is J-invariant and J| g * (TxM ) is a para-complex structure on g * (T x M) for every x ∈ M. Then J induces an almost paracomplex structure on M, which we will also denote by J. Moreover, since (R 2n+2 , J) is para-complex then (M, J) is para-complex as well. By assumption we have that dg
be an affine hypersurface of codimension 2 with a transversal bundle N . If g is para-holomorphic then it is called affine para-holomorphic hypersurface. If additionally the transversal bundle N is J-invariant then g is called a para-complex affine hypersurface. Let g : M 2n → R 2n+2 be a para-holomorphic hypersurface. We say that g is para-complex centro-affine hypersurface if {g, Jg} is a transversal bundle for g.
Theorem 2.3 ([3]
). Let g : M 2n → R 2n+2 be a para-holomorphic hypersurface. Then for every x ∈ M there exists a neighborhood U of x and a transversal vector field ζ : U → R 2n+2 such that {ζ, Jζ} is a transversal bundle for g| U . That is g| U considered with {ζ, Jζ} is a para-complex affine hypersurface.
be a para-holomorphic hypersurface and let
is a transversal bundle to g. For all tangent vector fields X, Y ∈ X (U) we can decompose D X Y and D X ζ into tangent and transversal part. Namely, we have
where ∇ is a torsion free affine connection on U, h 1 and h 2 are symmetric bilinear forms on U, S is a (1, 1)-tensor field on U and τ 1 and τ 2 are 1-forms on U. We have the following relations between h 1 and h 2 Lemma 2.4 ( [7] , [3] ).
On U we define the volume form θ ζ by the formula
where
This definition is independent of the choice of basis. We say that a hypersurface is nondegenerate if h 1 (and in consequence h 2 ) is nondegenerate. When g is nondegenerate there exist transversal vector fields ζ satisfying the following two conditions:
Such vector fields are called affine normal vector fields. In [3] we showed that on every para-holomorphic hypersurface we may find (at least locally) an affine normal vector field.
A nondegenerate para-complex hypersurface is said to be a proper paracomplex affine hypersphere if there exists an affine normal vector field ζ such that S = αI, where α ∈ R \ {0} and τ 2 = 0. If there exists an affine normal vector field ζ such that S = 0 and τ 2 = 0 we say about an improper paracomplex affine hypersphere. Note that the above definition is very analogous to the definition of complex affine hypersphere introduced by F. Dillen, L. Vrancken and L. Verstraelen in [2] .
Almost paracontact structures
Let dim M = 2n + 1 and f : M → R 2n+2 be a nondegenerate (relative to the second fundamental form) affine hypersurface. We always assume that R 2n+2 is endowed with the standard para-complex structure J J(x 1 , . . . , x n+1 , y 1 , . . . , y n+1 ) = (y 1 , . . . , y n+1 , x 1 , . . . , x n+1 ).
Let C be a transversal vector field on M. We say that C is J-tangent if
and it is not possible to find a J-tangent transversal vector field in a neighbourhood of x. Since we only study hypersurfaces with a J-tangent transversal vector field, then we always have dim D = 2n. The distribution D is smooth as an intersection of two smooth distributions and because dim D is constant. A vector field X is called a D-field if X x ∈ D x for every x ∈ M. We use the notation X ∈ D for vectors as well as for D-fields. We say that the distribution D is nondegenerate if h is nondegenerate on D.
A (2n + 1)-dimensional manifold M is said to have an almost paracontact structure if there exist on M a tensor field ϕ of type (1,1), a vector field ξ and a 1-form η which satisfy
for every X ∈ T M and the tensor field ϕ induces an almost para-complex structure on the distribution D = ker η. That is the eigendistributions
Let f : M → R 2n+2 be a nondegenerate affine hypersurface with a Jtangent transversal vector field C. Then we can define a vector field ξ, a 1-form η and a tensor field ϕ of type (1,1) as follows:
It is easy to see that (ϕ, ξ, η) is an almost paracontact structure on M. This structure is called the induced almost paracontact structure. For an induced almost paracontact structure we have the following theorem
2n+2 be an affine hypersurface with a J-tangent transversal vector field C. If (ϕ, ξ, η) is an induced almost paracontact structure on M then the following equations hold:
for every X, Y ∈ X (M).
J-tangent affine hyperspheres
An affine hypersphere with a transversal J-tangent Blaschke field we call a J-tangent affine hypersphere. We start this section with the following useful lemma related to differential equations Lemma 4.1. Let F : I → R 2n be a smooth function on an interval I. If F satisfies the differential equation
then F is of the form
Proof. It is not difficult to check that functions of the form (4.2) satisfy the differential equation (4.1). On the other hand, since (4.1) is a first-order ordinary differential equation, the Picard-Lindelöf theorem implies that any solution of (4.1) must be of the form (4.2).
Using the above lemma, we can prove the following theorem an interval I ⊂ R and an immersion g : U → R 2n+2 such that f can be locally expressed in the form
Proof. Denote C := −f . Since f is a centro-affine hypersurface with a J-tangent transversal vector field then we have JC = − J f ∈ f * (T M). Therefore, for every x ∈ M, there exists a neighborhood V of x and a map ψ(x 1 , . . . , x 2n , z) on V such that
That is f can be locally expressed in the form f (x 1 , . . . , x 2n , z), where f z = − Jf . Now using Lemma 4.1 we obtain the thesis.
When the distribution D is involutive we have Moreover, if g : V → R 2n+2 is a para-complex centro-affine immersion then f given by the formula (4.4) is an affine hypersurface with a centro-affine J-tangent vector field and an involutive distribution D.
Proof. Let (ϕ, ξ, η) be an induced almost paracontact structure on M induced by C. The Frobenius theorem implies that for every x ∈ M there exist an open neighborhood U ⊂ M of x and linearly independent vector fields X 1 , . . . , X 2n , X 2n+1 = ξ ∈ X (U) such that [X i , X j ] = 0 for i, j = 1, . . . , 2n + 1. For every i = 1, . . . , 2n we have
Now (3.8) and (3.11) imply that [D i
, ξ] and ξ(α i ) = 0. We also have Now applying Lemma 4.1 we find that f can be locally expressed in the form
Moreover, since
∈ D we have that
Since f * (D) is J-invariant we also have
The above implies that g x i ∈ f * (D) for i = 1, . . . , 2n. Since {g x i } are linearly independent, they form a basis of f * (D) (note that dim f * (D) = 2n) i. e.
Since f * (D) is J-invariant we also have that
That is, Jg x i = α i g x i , where α i ∈ C ∞ (U). Since g does not depend on variable z, the functions α i also do not, thus α i ∈ C ∞ (V ).
In this way we have shown that for g : V → R 2n+2 the tangent space T V is J-invariant (we can transfer J from g * (T V ) to T V ). Since J| f * (D) is para-complex and f * (D) = span C ∞ (U ) {g x 1 , . . . , g x 2n }, J is a para-complex structure on T V . Finally g is para-holomorphic. Since f is an immersion, {g x 1 , . . . , g x 2n , Jg} are linearly independent. Moreover, because f is centroaffine, we also have that g is linearly independent with {g x 1 , . . . , g x 2n , Jg}.
That is {g, Jg} is a J-invariant transversal bundle for g * (T V ) and, in consequence, g is a para-complex affine immersion. In order to prove the second part of the theorem, note that since g is a centro-affine para-complex affine immersion, then {f x 1 , . . . , f x 2n , f z , f } are linearly independent. It means that f is an immersion and is centro-affine. Moreover, f is J-tangent since J(− − → of ) = −g cosh z + Jg sinh z = f z . In particular, g is para-holomorphic. That is, we have Jg x i = 2n j=1 α ij g x j for i = 1, . . . , 2n. Now, by straightforward computations we get
In this way we have shown that span{f x 1 , . . . , f x 2n } is J-invariant and since its dimension is 2n it must be equal to f * (D). Now it is easy to see that
} is involutive as generated by the canonical vector fields. Proof. By (3.11) we have η(SX) = −h(X, ξ) for all X ∈ X (M). Since S = 0 we have h(X, ξ) = 0 for every X ∈ X (M), which contradicts nondegeneracy of h. 
where g is a proper para-complex affine hypersphere. Moreover, the converse is also true in the sense that if g is a proper para-complex affine hypersphere then f given by the formula (4.5) is a J -tangent affine hypersphere with an involutive distribution D.
Proof. (⇒) First note that due to Theorem 4.4 f must be a proper affine hypersphere. Let C be a J-tangent affine normal field. There exists λ ∈ R\{0} such that C = −λf . Since C is J -tangent and transversal the same is 
for (x 1 , . . . , x 2n ) ∈ V and z ∈ I. Let ζ := −|λ| 2n+3 2n+4 g. Bundle {ζ, Jζ} is transversal to g, because g is paracomplex centro-affine. Let ∇, h 1 , h 2 , S, τ 1 , τ 2 be induced objects on V by ζ. Using the Weingarten formula for g and ζ we get
On the other hand, by straightforward computations we have
Thus, we obtain
Now, it is enough to show that ζ is an affine normal vector field that is |H ζ | = 1. Since g is para-holomorphic, without loss of generality, we may assume that
is a unimodular basis relative to θ ζ . We compute
By the Gauss formula for g we have
Let ∇ and h be the induced connection and the second fundamental form for f . By the Gauss formula for f we have
Applying (4.8) to (4.9) we get
Since both f * (∇ ∂x i ∂ x j ) and Jf are tangent, we immediately obtain
By the Gauss formula for f we also have
On the other hand (since C is affine normal) we have
Since the determinant is (2n+2)-linear and antisymmetric and since g x n+i = Jg x i for i = 1, . . . , n eventually we obtain
Using the above formula in (4.10) we easily obtain
(⇐) Let g : U → R 2n+2 be a proper para-complex affine hypersphere.
Since g is a proper para-complex affine hypersphere there exists α = 0 such that ζ = −αg is an affine normal vector field. Without loss of generality we may assume that α > 0. Since both, g and Jg are transversal, we see that {g x 1 , . . . , g x 2n , g, Jg} forms the basis of R 2n+2 . The above implies that
given by the formula:
is an immersion and C := −α 2n+4 2n+3 · f is a transversal vector field. The field C is J-tangent because JC = α 2n+4 2n+3 f z . Since C is equiaffine and S = α 2n+4 2n+3 I it is enough to show that ω h = θ for some positively oriented (relative to θ) basis on U × I. Let ∂ x 1 , . . . , ∂ x 2n , ∂ z be a local coordinate system on U × I. Since g is para-holomorphic we may assume that ∂ x n+i = J∂ x i for i = 1, . . . , n.
Then we have
That is
In a similar way as in the proof of the first implication we compute
The above implies that
we obtain
Finally, using the fact that |H ζ | = 1 and (4.11), we get
The proof is completed.
Immediately from the proof of the above theorem we get Remark 4.6. If f is a J -tangent affine hypersphere with the shape operator S = λ id and g is a para-complex affine hypersphere (related to f ) with the shape operator S = α id then λ and α are related by the following formula:
Now, we shall recall a classification theorem for para-complex affine hyperspheres. Then there exist open subsets U 1 ⊂ R n , U 2 ⊂ R n and (real) affine hyperspheres
such that g can be locally expressed in the form
Moreover, if g is proper (respectively improper) then both f 1 and f 2 are proper (respectively improper) as well. The converse is also true, in the sense, that for every two proper (respectively improper) n-dimensional affine hyperspheres f 1 and f 2 the formula (4.12) defines a proper (respectively improper) para-complex affine hypersphere.
The following theorem allows us to construct J-tangent affine hyperspheres using standard proper affine hyperspheres. Namely we have In [3] it was given a full local classification of 1-dimensional (in a paracomplex sense) para-complex affine hyperspheres. Results from that paper related to proper para-complex affine hyperspheres are summarised in the following theorem Here λ 1 , λ 2 ∈ R and λ 1 , λ 2 > 0. Now, using Theorem 4.5 and Theorem 4.10 we obtain the complete local classification of 3-dimensional J-tangent affine hyperspheres with an involutive distribution D. Namely we have where g is one of (4.13)-(4.16).
To conclude this section, we give an example of a J-tangent affine hypersphere with a non-involutive distribution D. 
